ON THE “ZERO-TWO” LAW*

BY
S. R. FOGUEL

ABSTRACT

Results of Ornstein-Sucheston, are extended to non-separable measure spaces
and operators that are not induced by a transition probability.

Notation. We shall use the notation of [2]. Let (X,Z,m,P) be a Markov
process with m(X) = 1. Assume that P is ergodic and conservative:
If0 £ fe L, and f#£ 0 then X,_oP"f = oo. Note that all inequalities employed are
a.e. inequalities.

1. The sequence of suprema
Let us define:
h,=sup{(P"g — P"*'g): —1<g <1},
Note that the supremum is in the L, sense as defined in [1,1V.11.7].

THEOREM 1.1. The sequence h, satisfies:
(@ 0sh, =2

(b) By = hysy

(¢) Ph,zh,sy

(d) limh, = Const.

PrOOF.

(a) 0=P"0— P10 <sup{(P"g—P*'g): —1<g<1} <Pl + P11 L2
(b) P*tlg— P*t%g = P(Pg) — P"*!(Pg) <h, since —1 £ Pg<1if —1=5g<1.
(¢) Forevery —1=5g<1

Ph,z P(P"g — P"*'g) = P"*lg — P*t%g

and the supremum on the right hand side is b, .
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(d) Let h=I1imh,, then 0 £ h < 2. Now Ph =1imPh, =limh,,,; = h and by
[2, chap. II, th. B] h = Const.

Let us denote the above constant by «.

COROLLARY. 0= a =2 and a=2 if and only if h(x)=2 for all x and n.
As in [2, p. 54}, we define U, = inf{P",P"*'} by

0<feL,: U, f=mf{P"*'f" + P(f—f): 0Sf' Sf}.
THEOREM 1.2. U,l=1-1h,

ProoF. f=3(g+ 1) sends the family —1<g=<1 onto 0<f <1. Thus
Pf — pr+if = §(P"g — P"*'g) or

Ul = inf{l — (P"f — P"*'f): 0 <f <1}
1—sup{PYf —P"*'f):0<f <1} =1-}h,

COROLLARY. a <2 if and only if there exists a Markov operator Q0 and an
integer n such that Q < P* and Q < P**1,

2. If a <2 then x=0. Throughout this section we will assume that «<2. For
every integer k the operator P* is conservative; see [3, cor. 2] On the other hand
P* need not be ergodic. Put X(P¥) = {4: P*1,=1,}.

Lemma 2.1. The o-field X(P¥) is atomic. If Ae X (P*) is an atom then
P'1, 0 £ i<k are characteristic functions of disjoint sets.

Proor. If X,(PY is non-atomic, let A, be a decreasing sequence of sets in
2(PY with m(4,)— 0. Now

0=(I-PYl, =(I—-P)(1, + Pl + -+ P11,).
Thus 1, +P1l, + -+ P*'1, =Const. as P is ergodic, or
1, +Ply +--+P-11, >1.

But as n— oo each term tends to zero. Let now A be an atom of X,(P¥) then
P'1, are characteristic functions, by [2, chap. III, th. A], of the sets A; and
A;N A e L(PY) too. Hence, the intersection is empty.

A more general result is obtained in [4, th. 1].

COROLLARY. If a <2 then P¥ is ergodic for every integer k.

PrOOF. Let A be as above, then h, =2(P™1,— P*+'1)=2 on A and
o« =2, too.
In the following construction we use the methods of [5].
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Let us use the Corollary of Theorem 1.2 to write P*=Q + R, P**' = Q +8,
Q0 #0, and Q, R, and S are Markov operators. Thus,

Pl = QI+ P)+ HRP+8)=30U+P)+ T
Also
T1 = 3(RP1+ S1)=4(R1 + S1)
= J(P1 - Q) + (P11 - Q) =1- Q1 #1.

The sequence T"1 is monotone and its limit g satisfies Tg = g. Thus P*+'g > g
and since P¥*! is ergodic and conservative P**'g = g and g = Const.

Thus, Qg =1Q( + P)g=(P**' —T)g=0. Hence, g=0 also. We have
proved:

LemMa 2.2. If a <2 then for some integer k P*=1Q(I + P)+ T where Q
and T are Markov operators and T"1 0.

LeMMA 2.3. Let a<2. For every integer n there exists an integer m and a
Markov operator Q,, with P" =3Q,(I + P) + T".

Proor. The case n =1 is proved in Lemma 2.2. Assume the Lemma for n.
P"P* = 10, P*(I + P) + T"P*
= 10,PI+ P)+ 1T"Q(I + P) + T+,
Note that Q,, is a bounded positive operator on L;. Now
0.1=10,(I+P1<P"1<1.

Hence Q,, is necessarily a Markov operator.

Let £>0 be given and choose n=n; so large that m{x: T"1(x) < ¢} > }.
Call the corresponding integer m = m;:

P" = 1Q,(I+P)+T"
pmime = 10, P"(I + P) + T"P™
= 30,,,[10,,(I + P) + T™](I + P) + T"P™
= 40, QI + P)* +10,, T"(I + P) + T P™
Now put
{x:30,,, T™(I + P)I(x) < ¢/2} = 4,
Choose n, (and thus m,) so large that m(4, N 4,) > 1.
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In general after k steps we would have

1
prtmatetme 5 G+ P+ T§

where TF1(x) < eXr-31/2" on 4, and m(4, N -+ N A4,) > L. Repeat the above
argument

e 1 wom .
Pm1+ +my+ k+1=_2_k__Q;:=P k+l(I+P)k+T:P I+ 1

= E;éTQ:QkH(I + Pyt 4 _ZL" QT (1 + P)*
+ Tip™+t
and A, = {x: QFT™*!1(x) < 1/2"} can be chosen so large that
m(Ay O NAgyg) >4
Let us summarize:

LEMMA 2.4, Let a <2. Given ¢ >0, there exists a sequence ny, Markov

operators Q* and T* with
k— 1 1
=QF 2,‘(I+P)+T,c,m n {x Til(x) <e X o > 1.

Proor. It is clear, from the construction that Q% T* are bounded positive
operators on L. Thus, it is enough to show that they are bounded by 1:

THLSP™ =1, Q1= O o ([ + P} S PM=1.

THEOREM 2.5. If a <2, then a=0.

ProOF. Put B ={"\i=;{x: T{l(x) <2e}, then m(B)>4$. Let —1<g< 1.
u 1
P"(I — P)g = Qx Sk (I + P)(I - P)g + T;(I — P)g.

On B T}(I — P)g £ 4e. Now on the other hand

o3 % ((5)-(5)) e
x 2 10)- (5]

k
* 5

0% 5 1+ P~ Pg]

IIA

as in [5], 1.8 this tends to zero as k— co.

REMARKS. By Theorems 1.2 we obtain:
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If a<2 then U,Itl. Let a<2 and 0ZuelLl; then ” u(I — P)P" ”
= (u(I — P)P", g for some —1 < g <150 |u(I - P)P"|| < Cu,h,> - 0. Hence,
if a<2(x=0)anducL, then “ u(I—P)P|| - 0. Since L,(I — P) = {v: jvdm = 0}
(as (I — P)f =0 if and only if f is a constant) one obtains:

COROLLARY. Let a <2.If veL, and [vdm =0 then |vP"

ll—)O.

AN ExamPLE. Let P=6P; +(1—98)P, 0<o <1 and P is ergodic and
conservative. (If P, =1, P is ergodic and conservative provided P, is). Now
Pt = §"Py, Pr+! = 5"+ Pt thus if a(P,) = 0, then inf (P}, P"*!) 3 0 for some n
and therefore inf(P", P** ') 7 0 and a(P) = 0 too, by the Corollary to Theorem 1.2.

3. Thecased = 2

Throughout this section, we shall assume that « =2 or inf(P", P**!) =0 for
every n. If P is induced by a transition probability then for every — 1 < g <1,
(P"g — P"*'g) (x) £ | P"(x, ) — P"*!(x, - )|| < 2. Since the L,, supremum of the
left hand side is 2 we obtain:

THEOREM 3.1. If =2, then | P"(x,") — P"*'(x,* )| =2 a.e.

Our assumption is that for every n sup {(P" — P"*!)g: — 1 < g <1} = 2. Now,
according to [1, IV,11.7] a countable union will suffice. Thus there exists
a sequence — 1 < g = 1 and sets By y where B; y, -+, By y are disjoint such that

N
% 1p, (Pr— Pt hg —2

k=1
or for every ¢ >0

X = Up{x: (P~ P g (x) > 2 — ¢}

Let ge=gi — &, & S 1y &7 S 1y, (A= {x:g(x)>0}) (P"— P+ 1)g(x)
=Pgf(x) + P g (x) — P'g () = Pt g (x)  {x:(P"—P"* Vg (x) 22— ¢}
c{x:Pgi(x)21—¢ N{x: P*!g7(x)=1—¢} Or on this set:

(P — Pr+)(1, — 1) 22— 46

Thus sup {(P" — P"*!) (1, — 1,): A€ X} = 2. (Again, we can take the supremum
of a countable collection of sets.)

Clearly, the above implies, by replacing ¢ =1,—1,, by (¢ +1)/2=1,,
that sup {(P"— P**1)1,: de X} =1,

Let us assume that P is induced by a transition probability. In [2, chap. V,
(5.1)] it is proved that P[4 x B] = [;P"1 ,dm extends to a ¢-additive measure
on X x X.Now X 1, (P"— P"*Y)g, -2, integrate to get:
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N

(P — Br+1) ( : gk(x)lﬂk,n(y)) 2.

Since B, y are disjoint sets | Z,’fﬂg,‘(x)l,sm | < 1. Thus, H P pr+t H =2 (the
norm of the measure). Thus

THEOREM 3.2. Let P be induced by a tramsition probability. The following
conditions are equivalent:

(a) a=2

(b) P* L P+ for every n.

Proor. If o« =2, then “ Ppr— pr+t || = 2 so the measures are singular. If « < 2,
then inf(P",P**')=U,%0 and U, < P" U, < P"*1; so P" and P"+! are not
singular.

If there exists a set A such that P"1, is a characteristic function for every n
(for instance if P is induced by a point transformation) then (P"— P"*')1, can
assume the values 1, 0, — 1 only. If it assumes the value 1 then o = 2. If it assumes
the value — 1 apply P* — P"*! to 1, to get again « = 2. Finally, if P"1, = P**'1,.
P"1, = Const. since P is ergodic and conservative. Thus, P"l,=1=1, so P"1,
=1, or A = X necessarily. Therefore, if P"1, is a characteristic function for every
n where A# &, A# X, then o =2,
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