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ABSTRACT 

Results of Omstein-Sucheston, are extended to non-separable measure spaces 
and operators that are not  induced by a transition probability. 

Notation. We shall use the notation of  [2]. Let (X ,  Z , m , P )  be a Markov 

process with m(X)  = 1. Assume that P is ergodic and conservative: 

I f0  < f ~  L~o a n d f ~  0 then ]~, =oP"f  = ~ .  Note that all inequalities employed are 

a.e. inequalities. 

1. The sequence of suprema 

Let us define: 
h. = sup{(P"g - p ,+lg) :  _ 1 <= g < 1}. 

Note that the supremum is in the Loo sense as defined in [1,IV.11.7]. 

THEO~M 1.1. The  sequence h, satisfies: 

(a) 0 < h . < 2  

(b) h, >= h,+ l 

(c) Ph.  > h.+l 

(d) lim h. = Const. 

PROOF. 

(a) 0 = P"0 -- P"+~0 <= sup((P"g - p .+ lg) :  _ 1 <= g < 1} < P"I + p n + q  <= 2. 

(b) P" + ~g - P" + 2g = p , ( p g )  _ p .  + a(pg) < h. since - 1 < Pg  < 1 if - 1 < g < 1. 

(c) For  every - l < g < l  

Ph .  > P(P"g - P"+ ~g) = P"+ ig - P"+ 2g 

and the supremum on the right hand side is h,+ 2. 
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(d) Let  h = l im h., then 0 < h _< 2. N o w  Ph = l i m P h .  > l i m b . +  1 = h and by 

[2, chap.  II ,  th. B] h = Const .  

Let us denote the above constant by ~. 

COROLLARY. 0 < C~ < 2 and ~ = 2 i f  and only i f  h.(x) = 2 for  all x and n. 

As in [-2, p. 54], we define U. = in f{P" ,P  "+1} by 

0 <f~L~o: u .U= i n f { p " + l f  ' + P " ( f - f ' ) :  0 < f '  < f } .  

THEOREM 1.2. U.1 = 1 - ½h.. 

PROOF. f = ½(g + 1) sends the family  - 1 =< g < 1 on to  0 < f  < 1. Thus  

p . f  _ p.+ i f  = ½(p.g _ e.+ lg) or 

U.1 = inf{1 - (P"f - P"+af ) :  0 < f  < 1} 

= 1 - sup {P~ c - P"+~f) :  0 < f  _<_ 1} = 1 - ½h.. 

COROLLARY. a < 2 if and only if there exists a Markov operator Q~O and an 

integer n such that Q < P" and Q < p.+l. 

2. I f  a < 2 then ~ = 0 .  T h r o u g h o u t  this section we will  assume tha t  ~ < 2 .  Fo r  

every integer k the opera to r  P* is conservat ive;  see [3, cor. 2] On the o ther  h a n d  

pk need not  be ergodic. Put  Zi(P*) = {A: pkla = la}. 

L E ~ ,  2.1. The ~:~eld ]~i(P k) is atomic. I f  A ~ ]~i(P k) is an atom then 

P q a  0 < i < k are characteristic functions of disjoint sets. 

PROOF. I f  Zi(pk) is non-atomic ,  let A. be a decreasing sequence of  sets in 

]~t(P k) with m ( A . ) ~  O. N o w  

0 = (I - pk)la. = (I -- P) ( 1 a  + P1 a + ... + Pk- l la .  ). 

Thus  la + P l a  + . . . + P k - ~ l a , = C o n s t .  as P is ergodic, or  

la .  + Pla ,  ' + ... + P k - a l a .  > 1. 

But  as n ~ m each te rm tends to zero. Let  now A be an a t o m  o f  ]~t(P k) then  

Pt l  a are characterist ic functions,  by [2, chap. I I I ,  th. A] ,  o f  the sets A t and 

A t t~ A i ~ ]~t(P k) too.  Hence,  the intersection is empty.  

A more  general  result  is obta ined in [4, th. 1]. 

COROLLARY. I f  ~ < 2 then pk is ergodic for every integer k. 

PROOF. Let  A be as above,  then  h.k>2(p"k la- -P"k+~la)=2 on A and 

-- 2, too.  

In  the fol lowing construct ion we use the methods  o f  [-5]. 
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Let us use the Corollary of  Theorem 1.2 to write pk = Q + R, pk+l = Q +S ,  

Q # 0, and Q, R, and S are Markov operators. Thus, 

pk+~ = 3Q(I + P ) + 3 ( R P  + S ) = ½ Q ( I  + P ) +  T 

Also 

T1 = 3(RP1 + S1) = 3(R1 + $1) 

= 3(pkl -- Q1) + 3(pk+ll  -- Q1) = 1 - Q1 ~ 1. 

The sequence T"I is monotone and its limit g satisfies Tg = g. Thus pk+ Xg _>_ g 

and since pk+ ~ is ergodic and conservative pk+ Xg = g and g = Const. 

Thus, Qg = 3Q(I + P)g = ( p k + i  _ T)g = 0. Hence, g = 0 also. We have 

proved: 

LEMMA 2.2. I f  C~ < 2 then for  some integer k pk = 3Q(I + P) + T where Q 

and T are Markov  operators and T"I ~,O. 

LEMMA 2.3. Let a < 2. For every integer n there exists an integer m and a 

Markov operator Qm with p m =  3Qm(1 + P) + T ~. 

PROOF. The case n = 1 is proved in Lemma 2.2. Assume the Lemma for n. 

pmpk = 3Qmpk(i + p) + Tnpk 

= 3Qmpk(I + P) + 3TnQ(I + P) + T n+l. 

Note that  Q,, is a bounded positive operator on L~. Now 

O,,1 = 3Qm(I + P)I  _<_ pml <= 1. 

Hence Qm is necessarily a Markov operator. 

Let e > 0  be given and choose n = n 1 so large that  re{x: T ' l ( x ) <  e} > 3. 

Call the corresponding integer m = mx: 

P"'  = ½Q,.~(I + P) + T" 

p,.,+,.~ = 3Qm,Pm(I + P) + T ' p  "~ 

= a ~ I P) T'~](I P) T'P "~ 7Q,n,[~Q,.2( + + + + 

= ¼QmIQ,.2(I + p)2 + 3Q,.,T.2(1 + p) + T P"~ 

Now put 

{x: 3Q,.~T'2(I + P)l(x)  < e/2} = A 2 

Choose n2 (and thus m2) so large that m(A2 n A1) > 3. 
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In general after k steps we would have 
1 pml+m2+...+mk = 2 --£ Q*(I + p)k _[_ T~ 

where T * l ( x ) <  eY-k--~l/2* on A k and m(A1 n ... n A k ) >  ½. Repeat the above 

argument 

emt+...+mk+mk+l 1 * mk+l = -~-Qk P (I + p)k + Tk *Pink÷' 

1 , p)k+l 1 Q,T.~+,( I + p)k 
= "2T¥'-(QRQR+I(I + + ~-£ 

+ T*p m~+' 

and Ak+l = {x: Q*T"~+'I(x) < 1/2"} can be chosen so large that  

m(A1 ~ ... ~Ak+~) > 1. 

Let us summarize: 

LEMMA 2.4. Let a < 2. Given 

operators Q* and T* with 

e > O, there exists a sequence nk, Markov 

P ~ =  Q* ([ + P)k + T*; m x: T*l(x)  < e ~_, >½. 
k = l  i = 0  

PROOF. It is clear, from the construction that Q*, T* are bounded positive 

operators on L 1. Thus, it is enough to show that they are bounded by 1: 

T*I  __< P"~I = 1, Qk*l = Q'~-~V-(I + p)kl <= P"~I = 1. 

THEOREM 2.5. I f  a < 2, then a = O. 

co X ~ PROOF. Put  B =f '~k=l{ : T*l(x)  <2e},  then re (B)> ½. Let - 1 < g <  1. 

1 
P"~(I - P)g = Q* - ~  (I  + P)*(I - P)g  + T* ( I  - P)g. 

On B T * ( I -  P)g < 4e. Now on the other hand 

1 k 

as in [5], 1.8 this tends to zero as k ~ Go. 

REMARKS. By Theorems 1.2 we obtain: 
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I f  ~ < 2  then  U.I~'I .  Le t  ~ < 2  and O < u e L 1  then t l u ( I - P ) P " I [  

= <u(I - P)P",g> for  some - 1 _<_ g =< 1 so It u(I  -- P)P" I] <= <u,h,> ~ 0. Hence,  

if  c~ < 2 (~ = O) and u c L 1 then I[ u ( I -  P)P" 1] -+ 0. Since Lx(I  - P)  = {v: f vdm  = 0} 

(as ( I  - P ) f  = 0 if and only  i f f  is a constant )  one obtains:  

COROLLARY. Let c~ < 2. I f  v E L, and f vdm  = 0 then 11 vP. I11 ~ 0 

AN EXAMPLE. Let  P = f P I + ( 1 - 6 ) P z  0 < 6  < 1  and P is ergodic and  

conservative.  ( I f  P1 = I, P is ergodic and conservat ive provided P2 is). N o w  

P" > 6"P~, P"+ 1 > 6,+ 1p~+ 1 thus if  e(P1) = 0, then inf(P~, P"+ 1) ¢ 0 for some n 

and therefore inf (W,  P"+ ~) # 0 and ~(P) = 0 too,  by the Coro l la ry  to Theorem 1.2. 

3. The case d = 2 

T h r o u g h o u t  this section, we shal l  assume tha t  a = 2 or  inf(P",  P"+ i) = 0 for  

every n. I f  P is induced by a t ransi t ion probabi l i ty  then for  every - 1 < g < 1, 

(p ,g  _ p ,+ lg )  (x) < 11P"(x,. ) - P"+l (x , .  )l] < 2. Since the L~o supremum of  the 

left hand  side is 2 we obtain:  

THEOREM 3.1. I f  C~ = 2, then 1[ e" (x , "  ) - P"+ l (x ,  .)]l = 2 a.e. 

Our  assumpt ion  is tha t  for  every n sup {(P" - p , + l ) g :  _ 1 =< g =< 1} = 2. N(zw, 

according to [1, IV,11.7] a countab le  union will  suff.ce. ~[hus there exists 

a sequence - 1 =< gk =< 1 and sets Bk, N where B1.N, "",BN.N are disjoint such tha t  

N 

2 l n ~ ( P " - P " + l ) g k ~ 2  
k = l  

or for  every ~ > 0 

X = Uk{X: (P" - P"+')gk(x) > 2 - e}. 

Let  gk = g+ -- gk', g+ <= lak, g -  <= la 'k (A ,  = {x: gk(X) > 0}) (P" -- P"+l)gk(x) 

= P"g+(x) + W+lg'~(x)  - Wg'~ (x) -- W + l g ~ ( x )  {x: ( W  -- P"+l)gk(x ) > 2 -- e} 

= {x: P"g+(x) > 1 - e} t~ {x: P"+lgk(X ) => 1 -- e} Or  on this set: 

(P" - P"+ 1)(lak - 1a.k) > 2 -- 48 

Thus  sup {(P" - P"+ 1) ( l a  - la,):  A e ]~} = 2. (Again,  we can take the sup remum 

of  a countable  collection o f  sets.) 

Clearly,  the above implies, by replacing ¢ = 1 a - 1 a ,  , by (¢  + 1)/2 = la,  

t ha t  sup {(P" - P"+ 1)la: A ~ Z} = 1. 

Let  us assume tha t  P is induced by a transi t ion probabi l i ty .  In [2, chap. V, 

(5.1)] it is p roved  tha t  P ' [ A  × B] = f , P " l a d m  extends to a a-addi t ive measure  

on ~ × ~ .  N o w  ] ~ = l l s ~ , n ( P "  - P ' + l ) g a ~ 2 ,  integrate to get: 
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Since Bk N are disjoint sets I~,f=tgk(X)IB,.N I <  1. Thus,  II/%"-- p . + l  II- 2 (the 

n o r m  of  the measure). Thus  

THEOREM 3.2. Let  P be induced by a transition probabil i ty .  The  fo l lowing  

conditions are equivalent: 

(a) ~ = 2  

(b) /%"3_/%"+1 f o r  every n. 

PROOF. I f  ~ = 2, then H/%"-/%"+1!1 = 2 so the measures are singular. I f  ~ < 2, 

then inf(P", P"+ l) = U , # 0  and 0 ,< /%"  O , < P " + I ;  so/%" and /%,+1 are no t  

singular. 

I f  there exists a set A such that  P" la  is a characteristic function for every n 

(for instance if P is induced by a point  t ransformation)  then (P" - P"+ I ) I  a can 

assume the values 1, 0, - 1 only. I f  it assumes the value 1 then e = 2. I f  it assumes 

the value - 1 apply pn _ p ,  + 1 to la '  to  get again ~ = 2. Finally,  if pnl a = pn+ 1 la '  

pnl a = Const.  since P is ergodic and conservative. Thus, pnl a = 1 > la  SO Pnla 

= la  or  A = X necessarily. Therefore, if P"I  a is a characteristic function for  every 

n where A # ~ , A ~ X ,  then a = 2 .  
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